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Abstract. Strong-field phenomena driven by an intense infrared (IR) laser
depend on during what part of the field cycle they are initiated. By changing
the sub-cycle character of the laser electric field it is possible to control such
phenomena. For long pulses, sub-cycle shaping of the field can be done by adding
a relatively weak, second harmonic of the driving field to the pulse. Through
constructive and destructive interference, the combination of strong and weak
fields can be used to change the probability of a strong-field process being initiated
at any given part of the cycle. In order to control sub-cycle phenomena with
optimal accuracy, it is necessary to know the phase difference of the strong and
the weak fields precisely. If the weaker field is an even harmonic of the driving
field, electrons ionized by the field will be asymmetrically distributed between
the positive and negative directions of the combined fields. Information about
the asymmetry can yield information about the phase difference. A technique
to measure asymmetry for few-cycle pulses, called Stereo-ATI (Above Threshold
Ionization), has been developed by [Paulus G G, et al 2003 Phys. Rev. Lett. 91].
This paper outlines an extension of this method to measure the phase difference
between a strong IR and its second harmonic.
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1. Introduction
Strong field processes such as high-order harmonic generation (HHG) and above
threshold ionization (ATI) depend on the sub-cycle structure of the strong infrared
(IR) field driving the process. By tailoring the sub-cycle structure of the field, one can
control the processes. This can be done either by using very short laser pulses [1–3]
or by mixing pulses with different colours [4–6]. HHG with few-cycle laser pulses has
enabled the generation of isolated attosecond pulses [7] and in this case the process is
controlled by changing the so-called carrier–envelope phase (CEP) [8–12]:
E(t) = E0 f (t) sin(ωt + φCEP ),

(1)

where f (t) describes the envelope of the pulse with respect to which φCEP is measured.
The CEP relates the phase of the driving frequency to the envelope of the pulse
and changing it may lead to the generation of one or two attosecond pulses if the
duration is sufficiently short [13]. The rapid change of amplitude of a short pulse
broadens the pulse frequency distribution and breaks the symmetrical distribution of
electron paths between the positive and negative directions of the field [14, 15]. How
this depends on the CEP is illustrated in figure 1.

Figure 1. An illustration of the classical paths of electrons ionized by a few-cycle pulse, for
six different CEPs. The green paths lead the electrons back to the atom, opening for the
possibility of rescattering, whereas the blue paths guarantee direct ionization. The CEP of
the driving field, shown in red, is changed by increments of 31 π between each figure, giving
phase difference of π between the two pictures in each column. Note the asymmetry between
the rows.

For two-coloured, multi-cycle fields with commensurate frequencies, the total
electric is given by
E(t) = E1 sin(ωt) + E2 sin(nωt + φ),

(2)

where E1 , E2 are the amplitudes of the fundamental frequency and its nth harmonic
(in this letter, n = 2), respectively, and φ is the relative phase between the two
fields. The CEP is neglected in (2), since it has a negligible effect on the symmetry
for multi-cycle pulses. Changing the relative phase of the two-coloured field may
for instance result in one or two pulses per cycle [16] (see figure 2). One would
assume that maximizing the asymmetry would also maximize the harmonic yield,
since the harmonic yield scales with the field maximum, which is maximized at biggest
asymmetry. However, SFA calculations showed [16] that there is a phase offset between
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Figure 2. A constant-amplitude field is shown together with its weaker, second harmonic
for four different values of φ. For each value of φ the first and the second harmonics are
shown, in red and blue respectively, to the left, and their sum in purple to the right. To the
right an interval corresponding to that in the left figure is shown in a darker colour.

maximum asymmetry and maximum harmonic yield and the highest harmonic cutoff.
To truly understand and measure the impact of the sub-cycle structure, and enable
the comparison between theory and experiment, the relative phase has to be measured
independently from the process being studied and it has to be measured “on target”,
where the harmonics are being generated.
For few-cycle pulses the phase is measured using a method known as Stereo-ATI
[17, 18]. In Stereo-ATI the direction of the ionized electrons is measured and related to
the CEP. In this letter we show that the Stereo-ATI technique can be used to measure
the relative phase of a two-coloured field with commensurate frequencies and also the
relative strength of the two fields, since varying φ has an impact on the field structure
very similar to that of the CEP on short pulses [4].
1.1. Multi-cycle pulses
For multi-cycle pulses, the asymmetry due to variations in amplitude is very small
from half-cycle to half-cycle. By approximating the amplitude as constant, the path
of a directly ionized electron, leaving the atom at time t0 , can be seen as depending
on the instant of ionization. This also decides its final energy, which is the same as
the energy of an electron leaving the atom one half-cycle later, but in the opposite
direction so that they do not overlap. The classical paths of electrons ionized by
a strong one-coloured field are shown in figure 3(a). In this figure, the blue lines
correspond to directly ionized electrons, which may reach a maximum energy of 2Up ,
where Up is the Ponderomotive energy given by
q 2 |E|2
,
(3)
4mω 2
where q is the elementary charge, |E| the field amplitude, m the electron mass and
ω the field frequency. The green lines, instead, correspond to electrons that return
to the ion core, where they may rescatter. The maximum energy attainable for the
rescattered electrons is reached by elastic scattering when the velocity is completely
reversed [19]. In this way, the electron may reach final electron energies up to 10Up .
Figure 3(b) shows the energy of directly ionized electrons and the maximum classical
energy of rescattered electrons as a function of ionization time.
The acceleration of the free electrons is proportional to the field strength, and
when the second harmonic is much weaker than the driving field, the electron paths
Up =

4
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Figure 3. In (a), the classical paths of electrons ionized during one cycle of a laser field,
shown in red, is displayed. Analogously to figure 1, the green paths lead back to the core,
giving a possibility of rescattering, whereas the blue ensure direct ionization. In (b), the
energy E of the directly ionized electrons is shown in blue, and the maximum classical energy
of the rescattered electrons is shown in green, both as a function of the ionization time, t0 ,
over one half cycle of the field. Classically, electrons can only gain energies of 10Up if they
are ionized at time τ .

through the field are approximately the same as for the monochromatic case [20, 21].
The non-linear ionization probability, however, is significantly influenced by the second
harmonic [6]. As the electron energy depends on the ionization time, the same principle
that was used for short pulses can be utilized for the two-colour case [5, 22]. This
paper outlines a method for measuring the phase difference between the first and
second harmonic of a multi-cycle, two-coloured field, by studying the asymmetry of
the ATI spectrum.
2. Numerical computations
The calculations were done using a newly developed version of the code described
in [23], designed to run on graphical processing units. It solves the time-dependent
Schrödinger equation in the single active electron approximation and a combined basis
consisting of a radial grid and spherical harmonics.
The pulses were modeled using trapezoidal pulse envelopes. This is advantageous
as the asymmetry due to the frequency mixing is present during a majority of the
simulated pulse. To study the asymmetry for different φ, the CEP of the high-

Figure 4. An illustration of how the pulses are simulated. The trapezoidal envelopes for
the high- and low-frequency pulses are shown in dark blue and red, respectively. The relative
intensity is exaggerated for illustrative purposes. In light red, the low-frequency pulse is
shown; in light blue, the high-frequency pulse is shown as a continuous line for φ = 0 and as
a dashed line for φ = π4 .
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frequency wave was varied between pulses. Due to the relatively low intensity of
the high-frequency pulse, changes to the asymmetry due to boundary effects caused
by changing CEP are relatively small. The simulated pulse is illustrated in figure 4.
3. Theory
3.1. Asymmetry as a basis for phase metrology
The force, F , on an electron in a two-colour laser field can for non-relativistic velocities
be approximated as
q
i
h
(4)
F = −qEω sin (ωt) + Irel sin (2ωt + φ) ,

log(P )

where Eω is the envelope of the driving field, Irel the relative intensity of the second
harmonic, q the elementary charge, ω the driving field frequency. The carrier waves
are shown for four different values of φ in figure 2.
In figure 5 a schematic ATI spectrum is shown in red. In the monochromatic
case, there would be an approximate symmetry between the directions of the field.
The addition of the second harmonic, however, breaks that symmetry.
The energy of the electrons depend on when during the half-cycle of the field they
are ionized, as shown in the right of figure 3. This means that the energy distribution
of electrons in the positive direction of the field, P+ (E), will be different from that in
the negative direction of the field, P− (E).
If sin (ωt) and sin (2ωt + φ) constructively interfere at t = t0 they interfere
destructively at t = t0 + π. This is shown in figure 2. As a result, the parts of
the sub-half cycle when the driving field is positive, for which there is constructive
interference, are the same parts of the sub-half cycle when the driving field is negative,
for which the interference is destructive, and vice versa. This will in turn mean that
an overrepresentation, due to constructive interference, of electrons with energy E in
one direction of the field will coincide with an underrepresentation, due to destructive
interference, in the other.
In order to gain information about φ, the asymmetry between P+ (E) and P− (E)
can be studied. Analogously with [18] and [17], the asymmetry of two energy ranges,
εl and εh , of the ATI spectrum will be studied in this paper. The subscripts l and h
will below be used to differentiate between the low and the high energy range.
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Figure 5. A simplified version of
 the general characteristics of an ATI spectrum is shown
in red, and a division of 0, 10Up into ten sections, is shown in blue.
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To provide metrics for the respective asymmetries of εl and εh , Al = A (εl ) and
Ah = A (εh ) were used, where
Z
dE [P+ (E) − P− (E)]
ε
Z
(5)
A (ε) =
dE [P+ (E) + P− (E)]
ε

is the asymmetry over an energy interval ε of the ATI spectrum.
For different values of φ, a two-colour pulse can be represented
in the Al –Ah

plane. Figure 6(a) illustrates this for a hypothetical wave and φ ∈ 0, π3 , 2π
3 . As can
be seen in figure 2, changing the value of φ by π completely inverts the asymmetry
coming from the second harmonic. Because of this, figure 6(a) can be extrapolated to
give the values in figure 6(b).
Ah

(a)
2π
3

Ah

(b)

π
3

2π
3

0

(c)

π
3

Ah
φ

0
θ(φ)

Al

Al
π
4π
3

Al

5π
3

Figure 6. An illustration of the Al –Ah plane. In (a), the representation of a two-colour
pulse has been given for φ ∈ 0, π2 , 2π
. In (b), an extrapolation of the values in (a) based
3
on symmetry can be seen. In (c), the φ-dependent angle θ is shown.

Denote the angular coordinate in the Al –Ah plane θ. As is shown in figure 6(c),
there exists for certain Al –Ah representations a bijective mapping between φ and θ.
By choosing εl and εh that result in such a mapping, it is possible to gain a measure
of φ.
It interesting to note that neither φ → Al or φ → Ah are injective, which can
easily be seen in figure 6(c). As injectivity is a requirement for inversion, it would not
be possible to determine a non-ambiguous measure of φ by observing the asymmetry
of a single range of the ATI spectrum, which justifies the previous selection of two
energy ranges.
3.2. Measurement of the absolute phase difference
The second harmonic gives rise to constructive and destructive interference during
predetermined parts of each cycle. During experiments it is important to be certain
of which data point in the Al –Ah plane corresponds to which φ. However, even if the
values of θ in the mapping





2π
2π
θ (φ) ∈ θ (φ0 ) , θ φ0 +
, · · · , θ φ0 − (N − 1)
(6)
N
N
have been ascertained for given εl and εh by changing φ in increments of
be risky to speculate on the value of φ0 .

2π
N ,

it can
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One solution to this problem is found in the right hand side of figure 3, which
shows that there is only one ionization time per half-cycle, here called τ , for which
electrons can classically obtain energies as high as 10Up . Due to quantum mechanical
effects, it is possible for electrons with other ionization times to obtain equally high
energies, but the probability of doing so is small for ionization times which notably
differ from τ . Because of this, the highest asymmetry near 10Up is observed when
the peak of the secondharmonic occur at τ . In other words, for some small δ,
A 10Up − δ, 10Up + δ will be maximized and positive when the peak of the second
harmonic in the positive field direction occurs at τ . The peak of the second 
harmonic
occurring at τ + π, on the other hand, maximizes −A 10Up − δ, 10Up + δ .
3.3. Selection of εl and εh
Because the asymmetries of εl and εh are measured to determine φ, it is important
how the ATI spectrum is divided — the effect of the second harmonic on
 P+ (E)
 and
P− (E) is not equal for all E. To make the selection of εl and εh , 0, 10Up was
sectioned into 10 equally spaced sections, as illustrated in figure 5. The energy was
cut at 10Up , because it is the highest energy the electrons can classically obtain [19],
as illustrated in figure 3(b).
For every pulse, both εl and εh were generated from one or multiple neighbouring
sections. The sections were chosen so that
∀El ∈ εl , Eh ∈ εh : El ≤ Eh .

(7)

A total of 495 Al –Ah representations of the energy spectrum were generated, out of
which the most useful ones were manually selected. For more information on how the
energy spectrum was divided, see [24].
4. Results

log (P± )

In figure 7 P+ and P− for a two-colour pulse are shown. There is an asymmetry
between the directions of the field, which can be seen by observing the peaks of the

2

E [Up ]

10

Figure 7. The ATI spectra in the positive and negative directions of a two-colour field, P+
and P− , shown In blue and green respectively. The peaks of the spectra are outlined in darker
colours. The relative intensity of the pulse used to generate the spectrum was Irel = 0.15
and the phase difference was φ = π4 .
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spectra. For almost high energies, P+ is dominant, whereas P− dominates for low
energies. The asymmetry of electrons with an energy of 10Up is largest when the
peak of the second harmonic occurs slightly after τ .
Figure 8(a) shows the Al –Ah representation of a two-colour pulse. In figure 8(b),
the θ–φ mapping can be seen, where θ is defined as in figure 6(c). For the pulse and
energy ranges selected in figure 8,
dφ
dθ


θ∈{0,π}

dφ
dθ

(8)

.
3π
θ∈{ π
2, 2 }

A problem which might arise due to careless selection of the energy ranges is
that θ (φ) stops being bijective. This can be seen in figure 9(c), where neither φ (0)
nor φ (π) are unique. This can always be circumvented by proper selection of energy
ranges.
As illustrated in figure 9, where Irel is increased exponentially between figures
(a)–(c), the asymmetry increases with Irel . This is to be expected, as the addition
of the second harmonic is the cause of the asymmetry, and the radius of the Al –Ah
representation can be used to give information about the relative intensity. Note that
the Al –Ah representation can change shape as the relative intensity increases. In figure
9(c), the θ (φ) has lost the bijectivity it had for the cases shown in figures 9(a)–(b).
The asymmetry caused by the second harmonic in the two-colour case can be
compared to that caused by rapid change of amplitude during few-cycle pulses —
changing the CEP affects the asymmetry of the short pulse just as changing φ affects
the asymmetry of the two-colour field. The similarities of two-colour fields to short
pulses can be seen in figure 10, where the Al –Ah representation of two short pulses
is shown. The pulse shown in figure 10(a) is of half the duration of the one in figure
10(b). It also has significantly higher asymmetry. For short pulses the rapid amplitude
change is the cause of the asymmetry. As the amplitude gradient is greater for short

φ

0.2

2π

(a)

Ah 0
−0.2
−0.2

0

0.2

(b)

π

0

π

0

2π

θ

Al

log(P )

(c)

εl
0

εh
1

7

8

E [Up ]

Figure 8. The Al –Ah representation of a two-colour pulse is shown in (a). In (b), the
corresponding
is shown.
The relative intensity was Irel = 0.01, and the energy
 θ–φ mapping


ranges, εl = 0Up , Up and εh = 7Up , 8Up , are shown in (c).
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Figure 9. The Al –Ah representations of three two-colour pulses. Between each figure,
Irel ∈ {0.001, 0.0125,
 0.15} is increased by a factor
 ≈ 12.5. In all three figures the energy
ranges were εl = 2Up , 3Up and εh = 6Up , 7Up , as illustrated below figures (a)–(c).

pulses, the asymmetry is as well.
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Figure 10. The Al –Ah representations of two short pulses, created by changing the CEP
by incements. The pulse used to generate (a) has a Full Width at Half Maximum (FWHM)
of 2 field cycles, whereas the one used to generate (b) has a FWHM of 4 field cycles. The
different datapoints displayed in figures (a) and (b) were generated by changing
the CEP

incrementally.
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εl = 6Up , 7Up .
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5. Conclusions
By adding the second harmonic to a strong field, it is possible to control the effects
it has on matter. To control the effects to an as accurate degree as possible, it is
important to know the phase difference, φ, between the two harmonics with good
precision. We have shown that it is possible to measure φ by using Stereo-ATI.
The process consists of selecting two ranges of the ATI spectrum and mapping their
respective asymmetry to different relative phases. As the asymmetry is caused by the
second harmonic, it is also possible to determine the relative intensity of the pulses
by measuring the magnitude of the asymmetry.
The second harmonic of a two-colour field can be compared to the rapid change
of amplitude of a short pulse. In both cases, the asymmetry of each cycle results in an
asymmetrical distribution of ionized electrons. The effect is strengthened by increasing
the intensity of the second harmonic and decreasing the pulse width respectively.
The asymmetry of the electron distribution can be used to measure φ and the CEP
respectively.
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